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Conicalintersections are ubiquitous in chemistry and physics, often

governing processes such as light harvesting, vision, photocatalysis

and chemicalreactivity. They act as funnels between electronic states

of molecules, allowing rapid and efficient relaxation during chemical
dynamics. Inaddition, when areaction path encircles a conical intersection,
the molecular wavefunction experiences a geometric phase, which

can affect the outcome of the reaction through quantum-mechanical
interference. Past experiments have measured indirect signatures of
geometric phasesin scattering patterns and spectroscopic observables,

but there has been no direct observation of the underlying wavepacket
interference. Here we experimentally observe geometric-phase interference
inthe dynamics of a wavepacket travelling around an engineered conical
intersectionin a programmable trapped-ion quantum simulator. To achieve
this, we develop atechnique to reconstruct the two-dimensional wavepacket
densities of atrappedion. Experiments agree with the theoretical model,
demonstrating the ability of analogue quantum simulators—such as those
realized using trapped ions—to accurately describe nuclear quantum effects.

Light drives molecular processes asimportant as photosynthesis, pho-
tocatalysis and vision. Absorbing a photon promotes amolecule to an
excited electronic state, triggering chemical dynamics and reactivity.
The molecule will eventually return to the ground state; often, this
relaxation happens on ultrafast (femtosecond to picosecond) time-
scales at molecular geometries where two electronic energy surfaces
have the same energy, known as conical intersections'. By acting as
funnels between electronic states for the molecular wavefunction,
conicalintersections enable rapid non-radiative electronic transitions

and play a decisive role in chemical dynamics, from charge-transfer
processes to photochemical reactions®.

The pathtaken during molecular dynamicsinvolving conicalinter-
sections can profoundly alter chemical reaction outcomes. In particu-
lar, a geometric phase’ causes quantum interference of wavepackets
encirclingaconical intersection®”’. Accounting for the geometric phase
isnecessary in quantum chemistry calculations because the resulting
interference changes the ratio of reactive and non-reactive outcomesin
scattering cross sections'® > and alters vibrational spectra* . Indeed,
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recent experiments have detected indirect signatures of a geometric
phaseinreactive scattering'”'®. An elegant proposal for revealing spec-
troscopicsignatures of ageometric phase involvesinterference signals
from pairs of excitation pulses'*, but it remains unimplemented due
to challenging state preparation.

Conical intersections and the associated geometric phase are
general phenomena that also appear in other branches of physics®. In
general, a conical intersection can form in any parameter-dependent
quantum system where two energy surfaces cross. In molecules, the
parameters are usually the normal modes of nuclear motion, but, in
condensed-phase systems, conical intersections commonly arise as
Dirac conesinreciprocal (momentum) space’. These include the Dirac
cones in graphene?, in superconductors®, and in the Rashba* and
Dresselhaus® treatments of spin-orbit coupling.

An unambiguous observation of geometric-phase interference
in wavepacket dynamics around a conical intersection remains an
outstanding challenge. In a molecular or solid-state system, it would
require afull reconstruction of the wavepacket dynamics on ultrafast
timescales, which is possible in small molecules® but has never been
used to characterize ageometric phase.

Analogue quantum simulators present a new opportunity to
access quantum dynamics on laboratory-accessible timescales® >,
In such systems, a one-to-one correspondence between the degrees
of freedom of the chemical or physical system and those of the simula-
tor makes it possible toreplicate the target dynamicsina controllable
and measurable manner, and to explore new parameter regimes in a
controllable fashion.

Several controllable quantum systems have been proposed to
engineer conical intersections and study signatures of geometric
phase. Most of these quantum simulations have been performed in
reciprocal space to simulate solid-state systems, including geometric
phases around Dirac points®*>*, Theoretical proposals for simulating
molecular conicalintersections haveincluded using trapped Rydberg
ions to simulate electronic populations®, circuit quantum electrody-
namics to simulate emission spectra® and cavity quantum electro-
dynamics to simulate collapse-revival characteristics of a spreading
wavepacket®. To date, the only experimental quantum simulation
of a chemical conical intersection demonstrated branching between
different photochemical reaction products with strong dissipation®.

Here we present the observation of the destructive interference
caused by ageometric phase during dynamics of awavepacket around a
conicalintersection. Weimplement a controllable conical intersection
by engineering a Jahn-Teller Hamiltonian in a trapped-ion quantum
simulator that employs a mixed-qudit-boson (MQB) encoding in which
both theion’s electronic and motional degrees of freedom are used*®.
This work is not merely a simulation of geometric phase: the ionis a
real, observable and measurable quantum system that undergoes
conical-intersection dynamics, allowing us to directly observe the
geometric-phase interference of its motional wavepacket. To this
end, our experiment introduces a resource-efficient reconstruction
method toimage the wavepacket’s probability density, directly show-
ing the destructive self-interference as the wavepacket encircles a
conical intersection. Experimental measurements match theoretical
predictions, demonstrating the utility of quantum simulators to
give insights into properties that have otherwise been impossible to
measure directly for chemical systems.

Results

In an MQB simulator?, the electronic and vibrational degrees of
freedom that are to be simulated are represented in a qudit and a
set of bosonic modes. We realize a conical intersection using an
'Yb* ion confined in a Paul trap, where two vibrations are encoded
directly in theion’s transverse vibrational modes (B, and B,), while
two electronic states are encoded in the ion’s qubit (qudit with d=2)
states comprising the two hyperfine levels of the S, ground state

(detailed in Methods). This approach has recently been employed
to predict molecular spectra using time-domain simulations®, and
providesresource-scaling advantages relative to conventional methods
of quantum simulation®,

To demonstrate geometric-phase interference, we implement
the £ ® eJahn-Teller model®, a standard model of geometric-phase
effects in molecules®*°. It consists of two electronic states coupled
with two vibrational modes, described by the potential energy

_w

VT = 2@ + @)+ 40,0 + Q). 8

where 0,and g, are the Pauli matrices acting on the electronic states
and Q; = (ajfr + aj)/\/E is the dimensionless position coordinate for
thejth vibrational mode, with creation and annihilation operators a}
and a;. k is the vibronic coupling strength and w is the frequency
of both vibrational modes. The Jahn-Teller Hamiltonian is given
by H'T = w(P} + P})/2+ VIT, where P; is the conjugate momentum
of Q.. We set i=1throughout.

Diagonalization of V'Tin the electronic basis leads to cylindrically
symmetric potential energy surfaces along Q, and Q,, with energies

E. = w(Q + Q3)/2+ K/ Q} + Q5 (Fig.1). The conical intersection is

present at the point of highest symmetry (Q, = Q,=0), where the
two potential energy surfaces are degenerate. The minimum of £_
occurswhere Q} + Q5 = (Klw)>.

The effects of the geometric phase on the dynamics around a
conicalintersection canbe directly observed from the motional prob-
ability density (Fig. 1a-d). As the initial wavepacket, we choose the
ground state of the non-interacting vibrational Hamiltonian,
Ho = w(ala, + a}a,), displaced to the potential-energy minimum at
Q,=-k/w,Q,=0 (Fig.1a,b). During the time evolution, the wavepacket
splitsinto two components evolving in opposite directions around the
conical intersection. The two components overlap at Q, > O, causing
destructiveinterference at the nodal line Q, = 0, where their equal and
opposite geometric phases lead to a vanishing density (Fig. 1c,d). By
contrast, ifthe geometric phase were disregarded, the two wavepacket
fragments would interfere constructively, reaching their maximum
amplitude at Q,= O (Fig. 1¢e,f).

Tomap theJahn-Teller model onto the MQB simulator, we rewrite
H’Tintheinteraction picture with respect to H,,

K . . K . A
HT = — z(a;re"‘" + ale"“”) + ?ax(afe"‘” + aze"”’f), (2)
2

\/E 2

which can be implemented using tunable light-atom interactions to
enact qubit-boson couplings. We achieve thisimplementation using
acoherentstate-dependent force (SDF) enacted by stimulated Raman
transitions driven with a 355 nm pulsed laser**2, Driving transitions
near bosonic mode;leads to the Hamiltonian

Hf,gf(fi 0,y = % ‘7475(“; ¢lOn+8D 1 g eiOn+60), 3)
where g = 0, cos ¢, + 0, sin ¢, and ¢, and ¢,, are the phases asso-
ciated with the qubit and the bosonic mode, respectively (Methods).
Q and 6 are the Rabi frequency and detuning of the laser from the
bosonic mode, respectively. We use the notation HﬁEF and H5PF
for SDF interactions where ¢, = 0 and ¢, = 11/2, respectively. Inter-
actions in the g, basis are obtained using a qubit basis rotation,

HJ?EF = RX(T[/Z)HJ.SJ[])FRX(—H/Z) ,where R,(0) are driven qubit rotations

around the Bloch sphere. H' can then be implemented in a program-
mable way using two simultaneous SDFs (Fig. 1g):

HI" = HY (@,2k, 0) + H3>F (0, V2, 0). @)
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Fig.1|Directly detecting a geometric phase through wavepacket
interference. a, Amotional wavepacket is initially displaced to the minimum
ofthe potential energy surface, after which it begins to encircle the conical
intersection (CI). b, Initial wavepacket density in two dimensions (left) and
integrated over Q, (right). ¢, After sufficient time evolution, the two components
of the wavepacket destructively interfere due to the geometric phase, giving
anodalline along Q, = 0 (dashed line). d, Motional wavepacket density at the
maximum interference time T. e, If the geometric phase were neglected, the

t = T (without GP)

HT=| Ko, (ale

ot 4 a, e—r‘mt)

K t
+ | Ko (ale

iot

+a, e-rmk)

Q  lw@)

two wavepacket components would interfere constructively. f, Densityatt=T
with the geometric phase neglected. Contoursinb, d and fcorrespond to the
potential energy surface F_.g, The Jahn-Teller Hamiltonian H" is engineered in
anion-trap quantum simulator with asingle ”'Yb* ion. Theion (white circle) is
confinedin aPaul trap (four electrodes at either radio-frequency voltage (RF)
orground (GND)) and H'"is realized using two simultaneous laser-induced
interactions (purple and pink, corresponding to colour-coded termsin H'7).

The parameters k and w are chosen to produce a clear wavepacket
interference. To achieve this, k/w should be large enough that the
wavepacket prepared at the minimum of the potential energy sur-
face (at Q, = —«/w) has negligible overlap with the conical intersection.
However, k/w should also be kept small enough to mitigate vibra-
tional decoherence thatincreases with larger vibrational excitations.
To balance these considerations, we choose k/w =1.5, for which the
wavepacket hasonly 1.7% of the density at Q, > 0. The value of k, adjusted
using the Rabi frequency, is maximized to increase the speed of
the dynamics;its valueis constrained by the available SDF-laser power
to k=21 x1.00 kHz, yielding w = 21t x 667 Hz. With these parameters,
the wavepackets are expected to experience the greatest geometric-
phase interference at T=1.59 ms, which was computationally pre-
dicted as half the time at which the width of the probability density
isminimized.

We probe the dynamics of the geometric phase around the conical
intersection by reconstructing theion’s motional probability densities
at different evolution times t. The experimental sequence consists of
four stages, showninFig. 2. (1) Preparation of the qubit and cooling of
the vibrational modes to their ground states is achieved by optical
pumping, Doppler cooling and sideband cooling. (2) Initialization
consists of displacing B, to Q, = —k/w by applying an SDF interaction
HISEF(O, 2, t/2)foraduration . Thisapplies the displacement operator
D,(-0Q,7/2), where Q, and 7 are chosen to implement Dl(—K/\/Ew).
(3) Evolution of the system under HlJT is achieved by applying the
two simultaneous SDF interactions of equation (4) for an experimen-
tally variable duration t. (4) Reconstruction of the joint densities of
B, and B, is achieved by measuring the characteristic function

X(iBy, iBy) = (&| Dy(iB1)D1(iBy) 19, (5)

where |@)is the total wavefunction of the system, and 8, and §, arereal
numbers. See Methods for details.

Thejoint probability densities are reconstructed using the circuit
in Fig. 2. Two SDF pulses are sequentially applied on B, and B,, and
x(iB,, iB,) is scanned over B, B,. These measurements yield the
joint probability density via the Fourier transform of the measured
characteristic function

|lI/(Ql’QZ)|2 — [/ %e—iﬁ(QlﬂﬁQzﬂz)X(iﬂbiﬁz). (6)

In further detail, we measure x(if3,, i3,) by mapping information
from the multimode bosonic system onto the qubit using SDF pulses,
movingbeyond previous works on direct single-mode** ¢ and indirect
multimode reconstructions”. The reconstruction consists of preparing
the qubit in ||) and applying two successive SDF interactions,
HfﬁF(O, 2,,0) and FlggF(O, £2,,0) with durations t, and 7,. Doing so
results in controlled displacements D,(i8,/2) and D,(if3,/2), where
B;=Q,1,. X(iB,,iB,) is measured for different values of 8,and 8, by varying
1; and 7,. We reconstruct the characteristic functions of the bosonic
modes entangled with the||)and|1)qubit statesindependently. Recon-
structing the ||) component is achieved by adding a midcircuit meas-
urement which projects out the |t) component (Methods). The
experiment is repeated with an additional R (1) pulse prior to the
midcircuit measurement toreconstruct the |t)component. The qubit
probabilities p, and p, are calculated from the success rate of the
midcircuit measurement. After the displacements, measuring the qubit
in the g, basis gives the real part of the characteristic function,
(0,) = Rex(if;, if3,) . Repeating the experiment with an additional
R.(11/2) pulse prior to the displacements gives theimaginary part, after
which the full x(iB,,iB,) is obtained by adding the real and imaginary
partsassociated withboth|})and|1).

The reconstructed probability densities in Fig. 3a-d demon-
strate a direct measurement of the wavepacket interference caused
by the geometric phase. At ¢ = 0, the initial wavepacket is prepared at
(Q1,Q,) =(-1.5,0). As the wavepacket evolves around the conical inter-
section, thenodallinebecomesvisible at Q, = 0 and is most pronounced
att=T; thisis a direct observation of destructive interference due to
the geometric phase. Finally, att=2T, the two wavepackets recombine
close to their initial position. The experimental results agree well with
theoretical predictions, reproducing key features of interference and
wavepacket recombination.

Further quantitative insight may be gained from the one-
dimensional density |#(Q,)|?, obtained by omitting the D,(if,) displace-
ments from the reconstruction procedure discussed earlier. In this
case, the measurements scanned over f3, are Fourier-transformed to

Nature Chemistry


http://www.nature.com/naturechemistry

Article

https://doi.org/10.1038/s41557-023-01300-3

1. Preparation 2. Initialization 3. Time evolution

4. Reconstruction measurement
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Fig.2| Experimental protocol for geometric-phase dynamics simulation and
wavepacket reconstruction. Top: quantum circuit diagram for a single-trapped-
ion simulator, consisting of a qubit (Q, solid line) and two bosonic modes

(B,, B,, wavy lines). Bottom: corresponding experimental pulse sequence.

(1) Preparation of fiducial states by optical pumping (OP) and cooling.

(2) Initialization: B, is displaced by Dl(—K/\/Ea)), implemented using an SDF pulse
with surrounding qubit 1t/2 pulses to map to the correct basis. (3) Time evolution
under the Jahn-Teller Hamiltonian for duration ¢, implemented using two
simultaneous SDF pulses in different bases, acting on the two bosonic modes.

(4) Reconstruction measurement: a state detection (SD) pulse collapses the qubit

|
! | Continue

- -

SDF;“U SDFPH sD {

state, and the circuit proceeds only if the measured state was | ) (rounded shape).
An additional single-qubit pulse (dashed) isintroduced to retrieve information
entangled with the | 1) state. The qubit probabilities p, and p, are calculated from
the midcircuit measurement outcomes. Controlled displacements actingin the
o, basis (denoted 4) map the motional degrees of freedom onto the qubit,
allowing the real part of the characteristic function to be measured. Its imaginary
partis obtained using an additional R,(1/2) pulse prior to the controlled
displacements (dotted). Successive R, rotations shown separately in the circuit
are combined into asingle pulse in the experiment.
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Fig.3|Wavepacket dynamics around an engineered conical intersection.
a-d, Reconstructed two-dimensional motional densities of the "'Yb* ion at times
t=0(a),0.9T(b), T(c)and 2T (d), with theoretical predictions in the insets. The
nodallineat Q,=0, Q, > Oisadirect signature of geometric-phase interference.
e, One-dimensional motional densities (with the Q, coordinate integrated out)

atadditional values of t. Geometric-phase interference causes the dipat Q,=0
around ¢ = T. The motional densities are obtained using equation (5) (and its one-
dimensional equivalent) from the characteristic functions, x(iB,,i8,) and x(iB3,),
measured using the circuitin Fig. 2 (see Methods for details).

give |(Q,)]? = S dB, e V2@hrx(iB,)/A/2m. In Fig. 3e, we present
|W(Q,)|* for seven different evolution times. A comparison of experi-
mentandtheoryshowsexcellent agreementinthe shapeand amplitude
of the measured density function. We attribute minor discrepancies
to the dephasing of the bosonic modes, miscalibrations such as
uncompensated a.c. Stark shifts and technical imperfections in
the protocol implementation.

Discussion

Our approach avoids the limitations of direct experiments on mole-
cular systems, where only few observables—such as spectra and scat-
tering cross sections—can be measured. Instead, a fully controllable

quantum device—such as anion-trap MQB simulator**—can, in princi-
ple, read out any observable; as we showed here, this includes the full
two-dimensional density of the”’Yb*ion as it movesinspace and time.
A further advantage comes from the ratio r of the ion’s natural time-
scale (in milliseconds) and the measurement speed (in nanoseconds),
leading to an increase in the observable timing resolution of r = 10°.
This improves the achievable resolution of chemical-dynamics
measurements relative to ultrafast observations.

A key general feature of quantum simulations is their program-
mability*®. Our work is asimulation of the dynamics of the Jahn-Teller
model, which is often used to describe molecular systems. Inan MQB
simulator, the qudit-boson interaction is controllable, meaning that
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the same device can be programmed to simulate different molecular
systems, solid-state systems or theoretical models that do not occur
naturally. In particular, our geometric-phase simulator could be used
tosimulate dynamicsin molecules with conical intersections where the
interactions are notas symmetric asin #", such as the general quadratic
vibronic-coupling Hamiltonian®,

Like any analogue simulation—quantum or classical—our approach
is ultimately limited by noise and uncorrected errors. In our experi-
ment, the main sources of decoherence and dissipation are motional
dephasing and motional heating®*° (Methods). However, in MQB
simulations of molecular processes, noise can be characterized
and even amplified to create a realistic model of molecular environ-
ments, such as collisionsin solution. Since our Jahn-Teller experiment
shows only weak effects of decoherence over the full period 2T, we
would need toinject additional noise to simulate conical-intersection
dynamics of real molecules in chemically realistic situations (that
is, other than a single molecule in vacuum). In scaling up to larger
molecules, the ability to simulate dissipation would allow us to probe
regimes in non-adiabatic dynamics that are among the most difficult
to simulate on conventional computers’®,

Our methodology for probability density reconstruction enables
scalability and resource efficiency. Early techniques for motional-state
tomography were performed in the Fock basis***°°, a process that
requires many measurements if full motional densities are sought.
More recently, wavepacket-reconstruction methods were developed
based on the direct measurement of the characteristic function,
considerably reducing the number of necessary measurements*®.
Our approach builds on the latter techniques, but has two additional
advantages. First, we extend the characteristic-function method to
multimode probability density reconstruction, while retaining both the
requirement of few measurements and the ability to use one readout
qubit.Second, using amidcircuit measurement allows us to reuse the
simulation qubit for the reconstruction, without any ancilla qubits.

We have recently become aware of related simultaneous work on
simulating a conical intersection using a chain of trapped ions®. The
systemwas adiabatically driven toits ground state, the reconstructed
two-dimensional density of which showed a node attributed to geo-
metric phase. This work is complementary to ours in several ways: it
focused on signatures of geometric phase in the ground state, not in
the dynamics; it used Trotterized time evolution, while we drove the
two interactions simultaneously; and it used an ancilla qubit in the
reconstruction, while we used the midcircuit-measurementapproach
discussed earlier.

In conclusion, our experiment represents the direct observation of
wavepacketinterference caused by the geometric phaseinthe dynamics
around a conical intersection. Our approach to quantum simulation
using an MQB trapped-ion system makes it possible to experimentally
access chemical dynamics that are not otherwise directly measurable.
Thisis akey demonstration of the utility of small-scale quantum com-
putational devices to offer practical insights into chemical dynamics
andresolveintractable problemsin chemical physics.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butionsand competinginterests; and statements of dataand code avail-
ability are available at https://doi.org/10.1038/s41557-023-01300-3.
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Methods

Experimental set-up

The 'Yb* ion is confined in a Paul trap with radial mode oscillation
frequencies of 2 x 1.34 MHz and 21t x 1.47 MHz, corresponding to
bosonic modes B, and B,. The qubitis encoded in the two magnetically
insensitive hyperfine levels of the *S,, ground state, where we
assignthelabels||) = |F = 0,m = 0yand |t) = |F = 1, m; = O).

We use two laser beams derived from a 355 nm pulsed laser to
coherently control the qubit and bosonic modes via stimulated Raman
transitions within the S, ground state. The two Raman beams are
orthogonal to one another, and configured so that they can be coupled
tobothradial vibrational modes. Each Raman beam passes through an
acousto-optical modulator (AOM), which allows the phase, frequency
and amplitude of the beam to be adjusted by altering the radiofre-
quency (RF) signal driving the AOM. One of the RF signalsis generated
by an arbitrary waveform generator (Keysight M8190A), allowing
multiple phase-coherent tones to be imprinted on one of the laser
beams. We ensure phase coherence between all pulses in the experi-
mental sequence by tracking the phase (relative to the beginning of the
pulse sequence) and applying appropriate corrections.

By tuning the frequency difference of the Raman beams, one can
drive carrier, red- and blue-sideband transitions. Qubit rotations are
obtained by driving carrier transitions, while an SDF HSDF(O 2,0m)
arises from combining the red- and blue-sideband transmons
Applying thisinteraction foradurationrwith the qublt inaneigenstate
of o, displaces bosonic mode j by Dja) = exp(aa - a*a;), where
a =—iNren/2. The amplitude and phase-space dlrectlon of the
displacement are adjusted by varying rand ¢,,, respectively.

Experimental protocol

Preparation. The bosonic modes are cooled in two stages. First, they
are Doppler cooled using a 369.5 nm laser red-detuned from
the %S, > Py, transition. Second, resolved sideband cooling is
used to reach their motional ground states, achieving temperatures
of 7 =0.04 measured via sideband thermometry®. The qubit is
prepared in its ground state ||) via optical pumping, using another
369.5 nm laser resonant with the 2S,), |F = 1) -2 Py, |F = 1) transition.

Initialization. Toinitialize B;, we apply an SDF interaction H?BF(O, 2,1/2)
for a duration 7, which gives a displacement D,(a) where a = Q,7/2.
Setting 7 = V2k/w 2, so that a = x/v/2w displaces the mode from Q,= 0
to Q,=-k/w because D,(@)Q;D;(a)’ =Q, —V2Rea = Q, —k/w. The
qubit is first mapped into the SDF interaction basis (|+),) with an
R.(1t/2) rotation, and is returned to |}) after the displacement with
an R (-m/2) rotation. The Rabi frequency of the SDF interaction was
frequently recalibrated, and onaverage we measured Q, = 21 x 2.23 kHz.

Time evolution. Two SDF interactions on B, and B, are applied during
the time evolution. Their measured Rabi frequencies were, onaverage,
V2K = 21 x 1.42kHz and are calibrated within 2% of each other. The
duration Tof the geometric-phase dynamicsis scaled accordingto the
calibrated Rabi frequency.

Reconstruction measurement. After the simulated time evolution, the
systemisintheentangledstate (W) = a; [1)[¢,), [€1)y +ar 1) [¢1)g [$1)g,
In preparation for the reconstruction, a midcircuit measurement
projects the qubit state to either ||) or |1) through state-dependent
fluorescence induced by a 369.5 nm laser beam resonant with
the 2S,,, |F = 1) -2 Py, |F = 0) transition. The qubit states are inferred
by thresholding the number of photons collected on an avalanche
photodiode (measured state preparation and measurement
fidelity, 99.5%), and the outcomes of the measurement determine the
probabilities p, =|a,|* and p, =|a,|>. A measurement outcome
of |ty induces considerable decoherence of the bosonic modes due to
photon recoils. Therefore, the reconstruction only proceeds if the

measurement outcome is ||), for which no photon is emitted. Doing
so projects the bosonic modes to |¢,), [€1),- To retrieve [py), [€),
instead, weinsert an R, () pulsethatﬂlpsthequbltbeforethemeasure
ment. After the midcircuit measurement, the characteristic functions
X.(iB,iB,) and x,(iB,,iB,) corresponding to each qubit state are measured
as described in the main text. The full characteristic function is then
the sum of both contributions, x(iB,,if,) = p.X.(iBLif>) + P+X+(iBLiB>).
The values ;= Q,7; are scanned by varying the SDF pulse duration 7,
The Rabi frequency was recalibrated between experiments and, on
average, Q, = 21t x 2.31 kHz, resulting in combined pulse durations of
up to 553 ps. We measured x(iB,) for B, € [0,5] and x(iB,iB,) for
BB, €[0,4] by varying the SDF pulse durations. Since the characteristic
function is Hermitian, x(i8;,iB,)" = x(—i:, —iB,) , we used symmetry
to find x(iB,) for B, < 0 and x(if,,iB3,) for B, < 0 or 5, < 0. We did not
measure the vanishingimaginary part of x(i,) nor x, at ¢ = 0. The meas-
ured characteristic functions are shown in Extended Data Fig. 1.

Data acquisition. The characteristic functions were measuredinaway
to average out the effects of drift. In each run of the experiment, we
randomized the order of the displacement-pulse durationsin which y
was reconstructed. For eachrun, the quantum circuit to obtainy, and x,
was repeated until the midcircuit measurement succeeded 500 times,
resultingin 500 measurement repetitions of the reconstruction routine
and 1,000 measurements to obtain a value of the full x. Furthermore,
the order of the displacements was randomized. Overall, each of the
one- and two-dimensional experiments was repeated, respectively,
four and two times and the results of the runs averaged for a total
of 2,000 and 1,000 measurements for each duration. The bosonic
mode frequencies were calibrated every 6 min, while the full system
parameters were recalibrated after the second experimental run. The
one-dimensional and the four two-dimensional (¢={0,0.97, T, 2T})
experiments were done on five separate days with total durations of
15.6,2.8,8.8,8.7and 10.6 h, respectively.

Noise sources. Decoherence of the bosonic modes, made up of
motional heating and dephasing, was the dominant noise mechanism
in our system. Motional heating was caused by electric field noise at
theradial mode frequency, while motional dephasing arose from fluc-
tuations in the harmonic trapping potential strength>’, We measured
the heating rate and the motional dephasing time of B, (representative
for both modes) to be 7i=0.2quantas™ and T; =35ms (ref. 39).
The motional coherence was limited by noise in the RF trapping
voltage, which was actively stabilized to mitigate fluctuations in the
radial mode frequencies. Slow drifts of the trapping voltage were
compensated for with frequent motional mode recalibrations.

Characteristic functions

Extended Data Fig. 1 shows the measured characteristic functions
used to reconstruct the wavepacket probability densities. The
two-dimensional characteristic functions (Extended Data Fig. 1a-d)
require four measurements at each ¢ to obtain the real and imaginary
partsof p x.(iB,,iB,) and p,x,(iB,,iB,). The one-dimensional character-
istic functions (Extended Data Fig. 1e) require two measurements to
determine p,x,(i,) and p.x,(iB,), as the vanishing imaginary part is
not measured. Inboth one- and two-dimensional reconstructions, only
positive values of B, and 8, are sampled; the characteristic functionin
other ranges is obtained by symmetry.

We performed postprocessing to remove artefacts associated with
Fourier transformations between a characteristic function and its
probability density. A non-zero d.c. offset appearing as background
noise in the characteristic functions propagates into the probability
densities at the origin*®. Since background noise with anon-zero mean
isatechnicalimperfectionandisindependent of the geometric-phase
evolution, we correct for it in postprocessing. We estimate the mean
of the background noise by averaging x(if,,iB,) with /2 + B2 > 3.6
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for the two-dimensional and x(i8,) with 8, > 3.6 for the one-dimensional
case, and offset the data by the negative of this average. This baseline
correctionwas onaverage 0.02, with the largest correctionbeing 0.03.

Phase coherenceinthe pulse sequence

This section describes the experimental procedure to track the qubit
and motional phases, ensuring phase coherence between sequential
spin-motional interactions.

Thelaser-induced excitations interacting withanionwitha qubit
frequency w, and a motional mode with frequency w,, are the carrier
(c), red-sideband (rsb) and blue-sideband transitions (bsb). Their
interaction Hamiltonians, after dropping high-frequency terms, are

H, = % ot eitcgi@c—wo)t 4 b @)
Q o

Hip = ’72 Lot aeirel@—woton)t 4 hc, (8)
2 o

Hypgp = ”2 b o+ at eits ei@s—0o—wn)t 4 hoc,, 9)

where 7 is the Lamb-Dicke parameter and Q. are the respective
Rabi frequencies. w_,,and @, , correspond, respectively, to the fre-
quency differences and the phase differences of the two orthogonal
Raman beams. Simultaneously driving the red- and blue-sidebands
with Q =nQ,.=nQ, gives

Hspr = Hysp + Hpsp
(10)

;g*'[aei‘l’rei(mr—woﬂ)m)f + atei®s ell@s=wo—wn)t] 4 h c.

We consider w, and w, to be set near-resonant with the red- and
blue-sideband transitions,

W, = Wy — Wy, — 6w, + 6w, (1D)

Wp = Wg + Wy + 60y + 6Wg, (12)
where 6w, is an asymmetric (centre-line) detuning from the qubit
frequency, and 6w, is asymmetric detuning from the motional mode
frequency. With the spin phase ¢, = (¢, + ¢,)/2 and the motional phase
&= (9, — ¢,)/2, equation (10) can be rewritten as

Hspr = %0*e"‘"“’°”"’5)[ae*"(""’m”‘i’m) +atel®on o] +he.  (13)

This Hamiltonian corresponds to equation (3) in the main text by set-
ting 6w, = 0 and w,, = §. The motional phase ¢,, can be adjusted to
selectively displace a mode along Q or P. Equation (13) shows that
non-zero or miscalibrated 6w, and dw,, introduce a time-dependent
phase offset to ¢, and ¢,,, which, if uncorrected, will lead to incorrect
interactions.

The qubit frequency detuning is, from equations (11) and (12),
Sw, = (v, + w,)/2 — w,. To avoid phase lags associated with ¢, we
enforce (w, + w,)/2 = w. = @, for all pulses throughout the entire
circuit, namely single-qubit rotations and SDF interactions on B,
and B,. Here, @, indicates the qubit frequency measured viaa Ramsey
sequence in aseparate calibration experiment.

Likewise, equations (11) and (12) give the motional detuning
as 6w, = (w, - w,)/2 - w,. To avoid unwanted phase lags associated
with ¢,,, we enforce (w, — ,)/2 = @, for all SDF pulses throughout the
circuit, where @, is the experimentally measured motional frequency.
Thereisanunavoidable phase lag due to the detuning § required in the
SDF interactions during the time evolution. To correct this, we add a

motional phase offset of 7,6 to the SDF interaction during the initial
displacement, where 1, is the duration of the initialization. Further-
more, amotional phase offset of (¢ + ;) isadded to the reconstruction
SDF pulses, where tis the duration of the time evolution.

Calibration of motional frequencies

We used a calibration scheduling routine to recalibrate parameters
during each experiment and ensure high-fidelity implementations of
the pulse sequence. Moreover, we optimized the scheduler to maxi-
mize the experimental duty cycle by analysing the temporal noise
behaviours.

The data quality of the reconstructed densities depends on cor-
rectly setting the laser frequencies for the motional sideband interac-
tions that enact SDF interactions. The motional frequencies w, and w,
associated with B,and B, are calibrated as previously reported”. To do
so, both SDF interactions are applied, but we set the fields associ-
ated with w, to be sufficiently off resonant while calibrating w,. We
prepare the state |1)|0), and apply two sequential SDF pulses with a
relative phase shift ¢,, = . In the absence of frequency errors, the
mode returns to its original state and a qubit measurement yields
zero populationin|t). However, in the presence of errors, the motion
remains entangled with the qubit, giving a non-zero measured prob-
ability. The SDF fields’ frequencies are then scanned, and a fit to
the measurements yields the correct mode frequency. We repeat
this procedure to calibrate w, by setting the SDF field associated
with w, to be off resonant.

Extended Data Fig. 2 shows the drifts in the radial mode frequen-
ciesover time, whichvariedinarange of 2m x 2.2 kHz over 2 days. From
numerical simulations, we determined thatan error tolerance of about
10%isrequired for the detuning (6 ~ 21 x 667 Hz) in the time evolution
to obtainadequateresults. Given that typical experiments lasted tens
of hours, frequent recalibrations of the motional-mode frequencies
were necessary. To this end, we implemented a scheduling algorithm
tointerleave calibrations and experiments’*. The scheduling rate was
determined by choosing a time interval for which the Allan devia-
tion was sufficiently small. From Extended Data Fig. 2b, we chose an
interval of 6 min, corresponding to an Allan deviation of 21t x 26 Hz
and satisfying the required tolerance. We also found highly correlated
noise between the radial modes (Extended Data Fig. 2), suggesting a
common noise source (for example, trap RF amplitude fluctuations).
Therefore, to increase the experiment duty cycle, frequency offsets
measured on B, were also used to correct for B,.

Data availability
A repository containing data plotted in Fig. 3 and in Extended Data
Fig.1lisavailable at https://doi.org/10.5281/zenod0.7955887 (ref. 55).
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Xy, iB5) = p.x.(iBy, iB>) + p+X+(iBy, iB,) measured at times ¢ = {0, 0.9T, T, 2T} using and x,(i8,) obtained by omitting displacements on B, in the reconstruction.
the full pulse sequence of Fig. 2. The real (left) and imaginary (right) parts are B, was uniformly sampled in the range [0, 5] with 26 points. Each two-and
measured with and without an R (77/2) pulse in the reconstruction. The top row one-dimensional characteristic function was averaged over 1000 and 2000
shows theoretical predictions and the bottom experimental results. y(i8,, i3,) measurements, respectively. Error bars in e represent one standard deviation
were measured in the range 8, 8, € [0, 4] with 11 x 11 equidistant samples based on quantum projection noise.
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